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for energy used on the return journey along the same path

with airspeed w aided by a tailwind of speed u.

(b) Show that the energy consumed in the return journey is a

strictly increasing function of w. What is the least energy

consumed in the return journey if the airliner must have a

minimum airspeed of s (known as “stall speed”) to stay

aloft?

(c) What is the least energy consumed in the round trip if

u > 2s=3? What is the energy consumed when

u < 2s=3?

25. A one-metre length of stiff wire is cut into two pieces. One

piece is bent into a circle, the other piece into a square. Find

the length of the part used for the square if the sum of the

areas of the circle and the square is (a) maximum and

(b) minimum.

26. Find the area of the largest rectangle that can be drawn so that

each of its sides passes through a different vertex of a

rectangle having sides a and b.

27. What is the length of the shortest line segment having one end

on the x-axis, the other end on the y-axis, and passing

through the point .9;
p

3/?

28. (Getting around a corner) Find the length of the longest

beam that can be carried horizontally around the corner from

a hallway of width a m to a hallway of width b m. (See

Figure 4.56; assume the beam has no width.)

a m

b m

Figure 4.56

29. If the height of both hallways in Exercise 28 is c m, and if the

beam need not be carried horizontally, how long can it be and

still get around the corner? Hint: You can use the result of the

previous exercise to do this one easily.

30. The fence in Example 3 is demolished and a new fence is built

2 m away from the wall. How high can the fence be if a 6 m

ladder must be able to extend from the wall, over the fence, to

the ground outside?

31. Find the shortest distance from the origin to the curve

x2y4
D 1.

32. Find the shortest distance from the point .8; 1/ to the curve

y D 1C x3=2.

33. Find the dimensions of the largest right-circular cylinder that

can be inscribed in a sphere of radius R.

34. Find the dimensions of the circular cylinder of greatest volume

that can be inscribed in a cone of base radius R and height H

if the base of the cylinder lies in the base of the cone.

35. A box with square base and no top has a volume of 4 m3. Find

the dimensions of the most economical box.

36. (Folding a pyramid) A pyramid with a square base and four

faces, each in the shape of an isosceles triangle, is made by

cutting away four triangles from a 2 ft square piece of

cardboard (as shown in Figure 4.57) and bending up the

resulting triangles to form the walls of the pyramid. What is

the largest volume the pyramid can have? Hint: The volume of

a pyramid having base area A and height h measured

perpendicular to the base is V D 1
3
Ah.

2 ft

2 ft

Figure 4.57

37. (Getting the most light) A window has perimeter 10 m and is

in the shape of a rectangle with the top edge replaced by a

semicircle. Find the dimensions of the rectangle if the window

admits the greatest amount of light.

38. (Fuel tank design) A fuel tank is made of a cylindrical part

capped by hemispheres at each end. If the hemispheres are

twice as expensive per unit area as the cylindrical wall, and if

the volume of the tank is V , find the radius and height of the

cylindrical part to minimize the total cost. The surface area of

a sphere of radius r is 4�r2; its volume is 4
3
�r3.

39. (Reflection of light) Light travels in such a way that it

requires the minimum possible time to get from one point to

another. A ray of light from C reflects off a plane mirror AB

at X and then passes through D. (See Figure 4.58.) Show that

the rays CX and XD make equal angles with the normal to

AB at X . (Remark: You may wish to give a proof based on

elementary geometry without using any calculus, or you can

minimize the travel time on CXD.)

�

D

C

�

A BX

Figure 4.58

40.I (Snell’s Law) If light travels with speed v1 in one medium

and speed v2 in a second medium, and if the two media are

separated by a plane interface, show that a ray of light passing

from point A in one medium to point B in the other is bent at

the interface in such a way that

sin i

sin r
D

v1

v2

;

where i and r are the angles of incidence and refraction, as is

shown in Figure 4.59. This is known as Snell’s Law. Deduce it

from the least-time principle stated in Exercise 39.
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Figure 4.59

41. (Cutting the stiffest beam) The stiffness of a wooden beam

of rectangular cross section is proportional to the product of

the width and the cube of the depth of the cross section. Find

the width and depth of the stiffest beam that can be cut out of

a circular log of radius R.

42. Find the equation of the straight line of maximum slope

tangent to the curve y D 1C 2x � x3.

43. A quantityQ grows according to the differential equation

dQ

dt
D kQ

3
.L �Q/

5
;

where k and L are positive constants. How large is Q when it

is growing most rapidly?

44.I Find the smallest possible volume of a right-circular cone that

can contain a sphere of radius R. (The volume of a cone of

base radius r and height h is 1
3
�r2h.)

45.I (Ferry loading) A ferry runs between the mainland and the

island of Dedlos. The ferry has a maximum capacity of 1,000

cars, but loading near capacity is very time consuming. It is

found that the number of cars that can be loaded in t hours is

f .t/ D 1;000
t

e�t
C t

:

(Note that limt!1 f .t/ D 1;000, as expected.) Further, it is

found that it takes x=1;000 hours to unload x cars. The sailing

time to or from the island is 1 hour. Assume there are always

more cars waiting for each sailing than can be loaded. How

many cars should be loaded on the ferry for each sailing to

maximize the average movement of cars back and forth to the

island? (You will need to use a graphing calculator or

computer software like Maple’s fsolve routine to find the

appropriate critical point.)

46.I (The best view of a mural) How far back from a mural

should one stand to view it best if the mural is 10 ft high and

the bottom of it is 2 ft above eye level? (See Figure 4.60.)

10 ft

2 ft
�

x

Figure 4.60

47.I (Improving the enclosure of Example 1) An enclosure is to

be constructed having part of its boundary along an existing

straight wall. The other part of the boundary is to be fenced in

the shape of an arc of a circle. If 100 m of fencing is available,

what is the area of the largest possible enclosure? Into what

fraction of a circle is the fence bent?

48.I (Designing a Dixie cup) A sector is cut out of a circular disk

of radius R, and the remaining part of the disk is bent up so

that the two edges join and a cone is formed (see Figure 4.61).

What is the largest possible volume for the cone?

A D B

A

B

O

O

R

R

Figure 4.61

49.I (Minimize the fold) One corner of a strip of paper a cm wide

is folded up so that it lies along the opposite edge. (See

Figure 4.62.) Find the least possible length for the fold line.

a

Figure 4.62

4.9 Linear Approximations

Many problems in applied mathematics are too difficult to be solved exactly—that is

why we resort to using computers, even though in many cases they may only give

approximate answers. However, not all approximation is done with machines. Linear

approximation can be a very effective way to estimate values or test the plausibility of
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:ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ �bÎ��® �� �¤ f â��� .5 ñ��b¨
f(x) =

ln x

x
.ø �À½õ ÂÑ÷ ¥� ��÷ ø ö¢�� üóø�÷ ø ý¢�ã¬ ÂÑ÷ ¥� �¤ f â��� ��Â��ç� �î Àþ¤ø� ´¨¢ �� �¤ üóøÀ� (Óó�)�¤ f üã®�õ ÝÞ���õ ø ÝÞþ�î�õ ¯�Ö÷ Å³¨ .À�îüõÉ¿Èõ ö� ÓþÂã� �b �õ�¢ Ûî ýø¤ ö¢�� ÂãÖõ.À��î Ý¨¤ �¤ f â��� ¤�¢�Þ÷ ø À������� üØ��î ø üð¤�� ÂÑ÷ ¥� �¤ ea ø ae ¢�Àä� ,a ´±·õ ¢Àä Âû ý�¥� �� ,(Óó�) ´ÞÆì ¥� ù¢�Ôµ¨� �� (�).À��î �Æþ�Öõ Ýû:ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ ý�û�Î��® �� �¤ g ø f â���� .6 ñ��b¨

f(x) = sin x , g(x) =
(

x −

π4)

cos x..Àþ¤ø� ´¨¢ �� �Î¡ ý�û�ÜÞ� ù�ÂÞû �� π4 �bÎÖ÷ ñ�� �¤ g ø f �ø¢ �b ±�Âõ ¤�Ü�� ý�ûý��ÜÞ�À�� (Óó�):À��î �±¨�½õ �¤ Âþ¥ À� ¤�ÀÖõ (�)
lim
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
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−
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√22 
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